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ABSTRACT
Classification of finite dimensional representations of the q-deformed Heisenberg algebra
Hq(3) is made by the help of Clifford algebra of polynomials and generalized Grassmann
algebra. Special attention is paid when q is a primitive n root of unity. As a further
application we obtain finite dimensional representations of sl(2)q using its embedding
into Hq(3).
Symmetries have always played a central role in physics, however under special
assumptions it is interesting to make some deformations of the basic relations of
the group of symmetry. These deformations should be understood as perturbations
of the symmetry. There are two ways of making such deformations: on the group
of symmetry, either on its associated universal enveloping algebra [1]; or directly
on the algebra itself [2] (see also [3]). The first type of deformations, also called
quantum groups, has a Hopf algebra structure [1], whereas for the second type
(quantum algebras) it is not necessarily the case . The consideration of such algebras
is motivated, for example, by the resolution of the Yang-Baxter equation, which
appears in particle or statistical physics [4] amongst others. The quantum algebras,
deformed by an n primitive root of unity ω should have a Zn graded structure
[2]. It is known that superalgebras [5] ( Z2-graded algebras) are subtended by
Clifford algebras or Grassmann algebras or, in other words, by quadratic forms.
Similarily the ω- deformed algebras may be understood within the framework of
Clifford algebras of polynomials [6] Cf , or n-exterior algebra [7] Λn. These algebras
were introduced to allow a linearization of the n-degree polynomial f for the former,
and to take the n-root of the null polynomial for the latter. But, in contrast to the
usual Clifford or Grassmann cases, these algebras are not finite [6,7,8]. However, it
has been shown that a finite ( but not faithful) representation can be obtained for
cubic polynomials [9] or even general ones [10]. The main property of the Cf algebra
is that it can be connected naturally to the n-exterior algebra [11]. This algebra
has, as a finite (not faithful) representation, the generalized Grassmann algebra
[10,12], which is the fundamental tool to obtain finite dimensional representations
of Hω(3), the ω-deformed Heisenberg algebra [13]. Let us mention that an n-
dimensional representation has already been obtained in [14]. The content of this
paper is organised as follows. In sect.1 we recall the basic and useful properties of
Clifford algebras of polynomials. Construction of finite dimensional representations
of Hq(3) is carried out in sect.2, and that of sl(2)q in sect.3.
1 – Clifford algebras of polynomials
Let f be a homogeneous polynomial of degree n with p variables. Its associated Cf
is generated by the p elements gi (i = 1 · · ·p) allowing the linearization of f [6]
f(x) =
p∑
{i}=1
xi1 · · ·xin gi1···in
= (x1g1 + · · ·+ xpgp)n
, (1.1.a)
where gi1···in is the symmetric tensor associated with f . By developing the n-th
power, the result is that the generators gi of Cf are submitted to the constraints
1
n!
∑
σ∈Σn
giσ(1) · · · giσ(n) = gi1···in (1.1.b)
where Σn is the group of permutation of n elements. In spite of the fact that all the
Cf algebras are not equivalent, we can naturally associate the n-exterior algebra
2
Λ
(p)
n to Cf [11]. It is defined by taking f(x) = 0 in (1.1.a), and hence by the
following constraints ∑
σ∈Σn
giσ(1) · · · giσ(n) = 0 (1.2)
Like Cf ,Λ
(p)
n is of infinite dimension, but a finite dimensional representation can be
obtained through the homomorphism of Λ
(p)
n on G
(p)
n which maps gi in θi in such a
way that 0 6= gigj−ωgigj(i < j) is sent to zero [10,12]. The np-dimensional algebra
so obtained is generated by the p canonical generators fulfilling
θiθj = ωθjθj (i < j)
θni = 0
(1.3)
It can be proved that the θ ’s satisfy (1.2) as it should for a representation of Λ
(p)
n ,
but (1.2) does not lead to (1.3). It has also been observed that the minimal faithful
representation of G
(p)
n is obtained by np × npmatrices [10,12]. This algebra, also
called paragrassmann* appears quite naturally in the frame of parastatistics [15],
parasupersymmetric quantum mechanics, parasuperalgebras [16] and even in 2D
conformal field theory [17]. The correspondance between Cf and Λ can also be
obtained by an explicit calculation as we will see. The fundamental property which
leads to an explicit matrix representation of Cf is based on the following property:
to linearize any polynomial, only two basic polynomials have to be considered - the
sum S(x) = xn1 + · · ·+xnp and the product P (x) = x1 · · ·xn - which are linearized by
matrices that turn out to be a representation of the generalized Clifford algebra [10]
C
(p)
n . This np-dimensional algebra is defined by p canonical generators γi satisfying
[18]
γiγj = ωγjγj (i < j)
γni = 1
(1.4)
and has a large range of applications in physics (see [10,12] for references), and leads
to a finite dimensional quantum mechanics [19] ( see also refs.[8,9] of [12]). This last
property has to be compared with the next sect. where we study the ω- deformed
Heisenberg algebra. The minimal faithful representation of the γi is obtained with
nk × nk matrices, k = E(p/2)
γ2i−1 = σ
⊗(i−1)
3 ⊗ σ1 ⊗ 1⊗(k−i)
γ2i = σ
⊗(i−1)
3 ⊗ σ2 ⊗ 1⊗(k−i)
γ2p+1 = σ
⊗(k)
3
(1.5)
where i = 1 · · ·p, 1 is the n× n identity matrix and
* Strictly speaking, for a paragrassmann algebra, there are cubic constraints
instead of (1.3) [15]
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σ1 =


0 1
. . .
. . .
. . .
. . .
. . . 1
1 · · · · · · · · · 0


σ3 =


ω 0
ω2
. . .
0 1

 (1.6.a)
σ2 =
{
σ3σ1 (n odd)√
ωσ3σ1 (n even) with ω = exp
(
2ipi
n
)
.
(1.6.b)
Similar formulas can be found in [10,12,18]. From the generalized Clifford algebra
C
(2p)
n , one can build n explicit G
(p)
n,l generalized Grassmann algebras (l = 0 · · ·n−1)
[10,12]
θ
(l)
i = γ2i−1 + ω
l+ 12 γ2i (1.7)
and the reciprocal formulas are
γ2i−1 =
n−1∑
l=0
θ
(l)
i
γ2i =
n−1∑
l=0
ω−l−
1
2 θ
(l)
i
(1.8)
Due to the property stating that finite dimensional representations of Cf are sub-
tended by C
(p)
n , and due to (1.7), we see that any polynomial can be naturally
associated to G
(p)
n by the following sequence f → Cf → Λn → Gn. The purpose of
the next sect. is to connect Gn with the ω-deformed Heisenberg algebra Hω(3).
It is worth noting that generalized Clifford or Grassmann algebras constitute a
representation of the quantum hyperplain ℜpq , with an appropriate R matrix [20]
Ri1i2j1j2 = δ
i2
j1
δi1j2(1 + (ω − 1)δi1i2) + (ω − ω−1)δi1j1δi2j2Θ(i2 − i1) (1.9)
where Θ(i2 − i1) is equal to 1 if i2 > i1, otherwise 0.
In term of the R matrix, the equations (1.3.a) and (1.4.a) become
(ω−1R12 − 112)x1x2 = 0 (1.10)
where x belongs to ℜpq , R is understood as a matrix which represents an application
of ℜpq ⊗ℜpq in itself, and 112 is the identity matrix. A direct calculation shows that
R is a solution of the Yang-Baxter equation
R12R23R12 = R23R12R23 (1.11)
which indicates how applications of ℜpq ⊗ ℜpq ⊗ℜpq can be treated.
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It is possible to construct an analysis compatible with the Zn graded structure of
Gn, the results obtained in [14] for p=1 should be recalled briefly. The Zn graded
Leibnitz rule
∂(ab) = ∂(a)b+ ωgr(a)a∂(b) (1.12)
where gr(θp) = p, gr(∂p) = −p, leads to
∂(θp) = {p}θp−1 (1.13)
with {p} = (1−ωp)
(1−ω)
. Using (1.5) and (1.7), introducing ∂ = FθF−1 ( finite Fourier
transformation) and utilizing (1.8), we get a matrix representation of Hω(3)
∂θ − ωθ∂ = 1 (1.14)
2 – q- deformed Heisenberg algebras
The q-deformed Heisenberg algebra is generated by two generators P and Q satis-
fying [13]
PQ− qQP = 1 (2.1)
For q = 1 , with Q = x and P = ∂x, the usual number and derivative, the Heisen-
berg algebra is obtained, which has only infinite dimensional representations in
accordance with Bose-Einstein statistics. For q = −1 with Q = θ and P = ∂θ, two
Grassmann variables, we obtain two dimensional representation in accordance with
the Pauli exclusion principle. It is known however that we can construct statistics
which describe neither fermions nor bosons but parafermions or parabosons [15];
among those two statistics only the former has finite dimensional representations.
This feature has been exploited to build a parasupersymmetric extension of quan-
tum mechanics [16]. So it seems natural to study finite dimensional representations
of Hω(3) induced by G
(1)
n ; an idea which is stressed by the results of H. Weyl [19]
connected to eqs.(1.4-7). Our starting point is then the resolution of
Qn = 0
Pn = 0
PQ− ωQP = 1
(2.2)
where we want Q = θ to belong to G
(1)
n and P = ∂, the canonical variable associated
with θ. n is the minimum power of θ and ∂ which is equal to zero. It is obvious
that the minimal size of θ is a n× n matrix (see [10,12] for more details).
a–n-dimensional representations.
We are looking for n×n matrices satisfying (2.2). If θn = 0, it is obvious that all its
eigenvalues are zero. Using the Jordan decomposition of matrices with degenerated
eigenvalues, the only non-zero matrix elements of θ are those which are under the
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principal diagonal. Arguing that θp 6= 0(p < n), all those elements are one. Thus θ
is always equivalent to
θ =


0 0 0
1 0
. . .
. . .
1 0

 (2.3)
Having defined θ, we are looking for a derivative satisfying (2.1) and which is con-
jugated to θ : ∂ = FθF−1 where F is the finite Fourier transformation which must
be specified. To obtain F , we proceed in two steps; the first one allows to go from
θ to θ+, or in other words to σ+1 to σ1, the second one allows a reproduction of the
derivative properties (1.13). The first step is nothing more than the product of two
Sylvester matrices which transforms σ+1 to σ3 [21] and then σ3 to σ1. Finally we
obtain
Fij =
1
{i− 1}!δi+j−n−1,0 (2.4)
where {a}! = {a}{a− 1} · · · {1} and
∂ij = {i}δi+1j (2.5)
It is now easy to verify that θ and ∂ generate Hω(3) as it should be. At this stage,
we have recaptured the matrix representation obtained in [14], but we know now
that it is the only n-dimensional representation. All the other representations θ′, ∂′,
are related to θ and ∂ by an invertible transformation P :θ′ = PθP−1, ∂′ = P∂P−1
and F ′ = PF .
b– k > n-dimensional representations.
Now we look for k × k matrices which satisfy (2.2). Using the results obtained in
the previous sub-section as well as the fact that the minimal representation of θ is
n-dimensional, we see that we have solutions of (2.2) iff k is a multiple of n (k = ln)
θ = 1⊗


0 0 0
1 0
. . .
. . .
1 0

 (2.6.a)
∂ = 1⊗


0 {1} . . . 0
0 0 {2} . . . 0
. . .
. . .
0 {n− 1}
0 0

 (2.6.b)
1 is the unit l × l matrix. Thus any higher dimensional representations are not
irreducible and consist of l copies of the smallest representation.
Until now we have considered the ω-deformed Heisenberg algebra when ω is an
n-th primitive root of unity. If it is assumed that n = n1n2, using the results
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obtained previously, the n-dimensional representation for Hωn1 (3) can be built. All
the results can be used, but now ∂ is a matrix constructed with {p} = (1−ωpn1 )(1−ω) so
∂ =


0 {1} . . . 0
0 0 {2} . . . 0
. . .
. . .
0 {n2 − 1}
0 0

⊗ 1 (2.7)
where 1 is the n1 × n1 unit matrix. Thus we have
∂n2 = 0
θn1n2 = 0
∂θ − ωn1θ∂ = 0
(2.8)
instead of (2.2). In addition, ∂ and θ are not conjugated in this case because F is
singular ( see (2.4) ). We see that some kind of singular representations are spanned
by non-prime numbers. Some differences between prime and non-prime numbers
have been noticed in [14].
c– Other representations of Hq(3)*
Until now we have simply focused on representations of the q-deformed Heisen-
berg algebra induced by generalized Grassmann algebra. Now let us consider other
representations: it is easy to check that (2.1) leads to
PQa = ωaQaP + {a}Qa−1
P aQ = ωaP aQ+ {a}P a−1 , (2.9)
so when a = n we have
PQn = QnP
PnQ = QPn
, (2.10)
and considering Shur’s lemma, Pn, Qn, both are proportionnal to the identity ma-
trix for irreducible representation. One can then find a basis where P is diagonal
(Cayley-Hamilton theorem)
P =


p1.Ir1
p2.Ir2
. . .
pk.Irk

 . (2.11)
where p1, · · · , pk, are the eigenvalues of P , which are degenerated r1, · · · , rk times.
We have assumed that the dimension of the representation is r1 + · · ·+ rk. All the
* This sub-section was accomplished with the help of M. Rosso
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p ni are equal, and in the special case of pi = 0, we can recapture the representation
of the previous sub-section. Inserting this P into (2.1) resulting in Q (pi 6= 0)
Qii =
1
(1− ω)Pii
0 =Qij(Pii − ωPjj)
. (2.12)
We see that the diagonal elements of Q are related to those of P and Qij is ar-
bitrary if Pii = ωPjj , otherwise zero. Finally we can find as many inequivalent
representations of the dimension as we want for Hω(3), and in general P and Q are
not conjugated one from the other.
Of course, all that has been done here is equally valid for an arbitrary q, but
because, in this instance, Q or P are not necessarily proportional to the identity,
other representations for Hq(3) than those obtained in eqs. (2.11) and (2.12) can
be found. For q = 1, however it is known that P or Q can have a diagonal form,
thus from (2.12) we see that finite dimensional representations cannot be obtained.
Finally, it should mentionned that any invertible matrix P leads to an appropriate
Q = 1/(1− q)P−1, but such a representation is not irreducible (see (2.10)).
d– The case of more than two generators
Returning to Hω, it can be observed that along the same lines, representations of
the Heisenberg algebra generated by p θ and ∂, Hω(2p + 1), induced by general-
ized Grassmann algebra can now be obtained. But the interesting feature already
obtained in [14] is the possibility to get a matrix representation of the quantum
hyperplan, the natural structure which emerges by covariance principles [20]. The
price to be paid is however to use the singular representation with ω2 when n is
even (∂ is expressed with ω2 c.f. eq.(2.5)).
θi = 1
⊗(i−1) ⊗ θ ⊗ σ⊗(p−i)3
∂i = 1
⊗(i−1) ⊗ ∂ ⊗ σ⊗(p−i)3
(2.13.a)
i = 1 · · ·p,
generate the algebra
θiθj = ωθjθi i < j
∂i∂j = ω
−1∂j∂i i < j
∂iθj = ωθj∂i i 6= j
∂iθi = 1 + ω
2θi∂i + (−1 + ω2)
∑
k>i
θk∂k
(2.13.b)
We see that the disymmetry between the θi’s comes from (2.13.a) and from ∂θ−θ∂ =
σ23 .
Let us make some final remarks on this section. From (1.7), with l = 0, we can
build the θi of (2.13.a), but, in contrast to the usual Clifford case , we cannot obtain
the ∂i from the θ
(l)
i (l 6= 0) because of (2.4) and (1.12). So, whereas for the case
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n = 2, we can build from θi = θ
(0)
i and ∂i = θ
+
i = θ
(1)
i the spinorial representation of
O(2p), which is nothing more than H−1(2p+1), when n > 2 the quantum hyperplan
cannot be obtained from (1.7).
3 – Finite dimensional representations of sl(2)q
In this section, we want to construct some finite dimensional representations of
sl(2)q from Hq(3). It should be observed that in [22], a classification of the finite
dimensional representations of quantum groups has been addressed when q is not
a primitive n−root of unity. Deformations of sl(2) have been classified in [2], and
among all those deformations, we consider that which is introduced in [23], corre-
sponding to the second Witten’s quantum deformation [24]. This type of algebra is
generated by J+, J−, J0 which fulfil the relations
J−J0 − qJ0J− = J−
J0J+ − qJ+J0 = J+ (3.1)
J−J+ − q2J+J− = (q + 1)J0
It is known that sl(2)q is embedded into the q−deformed Heisenberg algebra Hq(3)
through the following identification [25]
J+ = (1− 2α(1− q))−1/2(QQP − 2αQ)
J0 = (1− 2α(1− q))−1
[(
1 +
2α(q2 − q)
1 + q
)
QP − 2α
1 + q
]
(3.2)
J− = (1− 2α(1− q))−1/2P
where α is an arbitrary number and P,Q are the generators of the q−deformed
Heisenberg algebra. So, particularly when P,Q are the d−dimensional generators
constructed in the previous part, a d-dimensional representation for sl(2)q is ob-
tained: any finite dimensional representations of Hq(3) induce a finite dimensional
representation for sl(2)q. Of course, the converse is not true, and infinite dimen-
sional representation of Hq(3) may lead to a finite one for sl(2)q. That property is
already true for the usual sl(2) (q = 1), where d+1 dimensional representation, cor-
responding to polynomials of degree d, could be obtained from H(3) through (3.2),
in spite of the fact that the latter algebra does not admit finite dimensional repre-
sentations [25]. This means that taking infinite dimensional matrix representations
for H(3), using (3.2) we arrive at infinite matrices for the generators of sl(2), into
a block diagonal form, where blocks describe a finite dimensional representation for
sl(2).
Returning to the construction of representations for sl(2)q induced by Hq(3), we
see that we get two kinds of representations:
(a) those coming from (2.11) and (2.12) for any q;
(b) those built from generalized Grassmann algebra when q = ω.
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The first one is peculiar, as, using (2.11), we see that J− cannot be understood as
a usual annihilation operator because it is diagonal; thus it is not nilpotent and we
do not have a highest weight state annihilated by J−. Of course, such a property
is also valid for J+. In fact the states which describe the representation, due to the
special form of J−, which is diagonal, are eigenvectors of that annihilation operator:
thus in using its action on any vector states we never span the whole representation.
This never occurs in the second type of representation, because the generators
of generalized Grassmann algebras are nilpotent and so J+, J− . They are thus
interpreted as usual creation and annihilation operators.
So using (3.2), we get various inequivalent representations of sl(2)q of the same
dimension, specified by the representation we choose for Hq(3) and by α. Notice
that when 2α = {d} one has
(J+)d+1 = (1− {d}(1− q))−(d+1)/2qd(d+1)Q2d+2P d+1 (3.3)
This property has already been exploited in ref.[25] to build d+ 1 dimensional
representation of sl(2)q from an infinite dimensional representation of Hq(3), in a
similar way as when one constructs finite dimensional representation for sl(2). This
representation is nothing but the polynomial of degree d, where Q = x, the usual
number, and P = D, the Jackson symbol for the derivative
Df(x) =
f(qx)− f(x)
(q − 1)x (3.4)
It can be easily shown that D fulfils the q− graded Leibnitz rule.
Finally, it should be stressed again that unlike the usual Lie algebras, the sit-
uation is quite different for the q− deformed algebras, because in the usual Lie
algebras, representations of the type (a) does not exist. This property is essen-
tially due to the q−deformed commutation relations, which allow 1-dimensional
representations which are not the trivial ones.
4 – Conclusion
We have studied all the finite dimensional representations of the q−deformed
Heisenberg algebras, with special attention to q as an n-root of unity. The most
interesting representations are basically related to n−degree polynomials, similar in
the way that fermionic oscillators are related to Grassmann variables. This type of
study should be useful, as q−deformed Heisenberg algebras provide an appropriate
tool for the construction of quantum algebras. Furthemore, we can easily give an
oscillator-type interpretation for the q− deformed Heisenberg algebras, and it can be
seen that q−deformations (q−oscillators) can be used in the framework of quantum
algebras in a way analogous to the classical harmonic oscillator. This feature has
already been exploited in several papers, with various extensions of the classical
Heisenberg algebra [26] (this algebra, after some transformations on the generators,
is related to the one we have studied); with twisted second quantization for boson
[20] ( which is equivalent to the quantum hyperplan) or fermions [27]; by considering
the q−analogues of the Clifford and Weyl algebras [28] (an extension which cannot
10
be connected to generalised Clifford algebras or the quantum hyperplan) and with
superoscillators [29].
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